POISSON STRUCTURES OF MULTI-PARAMETER 
SYMPLECTIC AND EUCLIDEAN SPACES 

SEI-QWON OH 

Abstract. A class of Poisson algebras considered as a Poisson version 
of the multiparameter quantized coordinate rings of symplectic and Eu- 
clidean 2n-spaces is constructed and the prime Poisson ideals and the 
symplectic ideals of these Poisson algebras are described. As a result, it 
is shown that the multiparameter quantized symplectic and Euclidean 
2n-spaces are topological quotients of their classical spaces. 



Introduction 

There is the following conjecture in [1, 11.10.12]: Primitive spectra of 
quantized algebras are topological quotients of their classical spaces. This 
conjecture is known to hold in the cases O q (SL 2 ), O q ((k x ) n ) in [Hj, O q (k n ) 
in 0] and O g (sp(k 4 )) in jjj. The main purpose of this paper is to show 
that this conjecture is true for the multiparameter quantized symplectic 
and Euclidean 2n-spaces. 

A quantization of a Poisson algebra is a certain associative algebra with 
multiplication deformed by a given Poisson bracket [2} Ch. 6] and thus 
quantized spaces seem to be naturally related to their Poisson structures. 
For instance, Hodges, Levasseur and Toro described in |Sj that the primi- 
tive ideals of a multiparameter quantum group correspond to the symplectic 
leaves of its Poisson variety in the case when they are algebraic and Vancliff 
have a similar result for O q {M2) in^Zj ■ Goodearl and Letzter proved in [3] 
that the prime and primitive spectra of O q (k n ), the multiparameter quan- 
tized coordinate ring of affine n-space over an algebraically closed field are 
topological quotients of the corresponding classical spectra and the author 
showed in ^3] that the prime and primitive spectra of O q (k n ) are topolog- 
ical quotients of the corresponding Poisson spectra. Hence it seems that if 
A is a Poisson algebra which is the coordinate ring of an affine variety V 
then the prime and primitive spectra of standard quantized coordinate rings 
of V are topological quotients of the prime Poisson and symplectic spectra 
of A. Here we investigate the Poisson structures for the multiparameter 
quantized symplectic and Euclidean 2n-spaces and then we prove using the 
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Poisson structures that the prime and primitive spectra of the multiparam- 
eter quantized symplectic and Euclidean 2n-spaces are topological quotients 
of their classical corresponding spaces. 

A class of algebras K n 'ff , constructed by Horton in [Hj, includes the 
multiparameter quantized coordinate rings of symplectic and Euclidean 2n- 
spaces, the graded quantized Weyl algebra, the quantized Heisenberg space, 
and is similar to a class of iterated skew polynomial rings constructed by 
Gomez- Torrecillas and Kaoutit in The prime and primitive spectra for 
the multiparameter quantized coordinate rings of symplectic and Euclidean 
2n-spaces were established by Gomez-Torrecillas and Kaoutit in [2], by Hor- 
ton in [H] and by the author in Here we construct a class of Poisson 
algebras A^ > which is considered as a Poisson version of and m- 

P O A P O 

vestigate the Poisson structure of A n ^ ■ The Poisson structures for A n ^ 
obtained here may be considered as Poisson versions for the algebraic struc- 
tures of the multiparameter quantized coordinate rings of symplectic and 
Euclidean 2n-spaces established by Gomez-Torrecillas and Kaoutit in 3 or 
by Horton in |S]. 

In the section 1 and 2, we construct a Poisson polynomial ring which 

is considered as a Poisson version of a skew polynomial ring and study 

p o 

several basic properties for the Poisson algebras A ^ • I n t ne section 3, we 

A P O 

consider an additive group K acting by Poisson derivations on A p which 

gives a classification of i<C-prime Poisson ideals of A^ . Here we see that 

the additive group K is considered as a Poisson version of a multiplicative 

p o 

group acting by automorphisms on K 'jf ■ ^ n the section 4, we prove that the 

p o 

prime and primitive spectra of K p are topological quotients of the prime 

Poisson and symplectic spectra of ^4^'p and, as a corollary, we have that the 

conjecture 11.10.12] for the quantum symplectic and Euclidean 2n-spaces 

p o 

is true, that is, the prime and primitive spectra of K ^ are topological 
quotients of the corresponding classical spectra. 

Assume throughout the paper that k denotes an algebraically closed field 
of characteristic zero and that all vector spaces are over k. A Poisson algebra 
A is always a commutative k-algebra with k-bilinear map {•,•}, called a 
Poisson bracket, such that (A, {•, •}) is a Lie algebra and {•, •} satisfies the 
Leibniz rule, that is, 

{ab, c} = a{b, c} + b{a, c} 

for all a, b, c € A. Hence, for any element a € A, the map 

h a :A — ► A, h a (b) = {a,b} 

is a derivation in A which is called a Hamiltonian defined by a. Assume 
throughout the paper that H(A) denotes the set of all Hamiltonians of A. 
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1. POISSON POLYNOMIAL RING 

Let A be a Poisson algebra. A derivation 5 on A is said to be a Poisson 
derivation if 5({a, b}) = {5(a), b} + {a, 5(b)} for all a, b G A. 

Theorem 1.1. For a Poisson algebra A with Poisson bracket {-,-}a and 
\t-linear maps a, 5 from A into itself, the polynomial ring A[x] is a Poisson 
algebra with Poisson bracket 

(1.1) {a, x} = a(a)x + 5(a) 

for all a G A if and only if a is a Poisson derivation and 5 is a derivation 
such that 

(1.2) 5({a, b} A ) - {5(a), b} A - {a, 5(b)} A = 5(a)a(b) - a(a)5(b) 

for all a,b G A. In this case, we denote the Poisson algebra A[x] by 
A[x; a, 5] p and if 5 = then we simply write A[x; a] p for A[x; a, 0] p . 

Proof. If A[x] is a Poisson algebra with the Poisson bracket (1.1) then we 
have that 

{ab, x} = a(ab)x + 5(ab) 
a{b, x} + {a, x}b = (aa(b) + a(a)b)x + (a5(b) + 5(a)b) 

for all a,b £ A, and thus both a and 5 are derivations on A. Moreover, since 
the Poisson bracket {■, •} satisfies the Jacobi identity, we have that 

= {{a, b}, x} + {{b, x}, a} + {{x, a}, b} 

= (a({a,b} A ) - {a(a),b} A - {a,a(b)} A )x 

+ 5({a, b} A ) - {5(a), b} A - {a, 5(b)} A - 5(a)a(b) + a(a)5(b) 

for all a,b € A. Hence a is a Poisson derivation and 5 is a derivation such 
that the pair (a, 5) satisfies (1.2). 

Conversely, we suppose that a is a Poisson derivation and 5 is a derivation 
satisfying the condition (1.2). It is enough to check that the k-bilinear map 
{•, •} : A[x] x A[x] — > A[x] defined by 

{ax l ,bx J } = ({a,b} A + jba(a) — iaa(b))x t+3 

(L3) + (jb5(a) - ia5(b))x i+j ~ l 

for all monomials ax' 1 and bx 3 in A[x] is a Poisson bracket on A[x] since 
(1.1) is the case for i = 0,j = 1 and b = 1 in (1.3) and every derivation is 
uniquely determined by images for generators. 

It is easy to check that {/, g} = —{g,f} for all f,g G A[x] and that, for 
a fixed element / G A[x], the k-linear maps 

{/,•} : A[x] — A[x], g » {f,g} and {•,/} : A[x] — A[x], g » {g,f} 

are derivations on A[x\. It remains to check that the bracket {-, •} given in 

(1.3) satisfies the Jacobi identity. For ax l ,bx 3 ,cx k G A[x], it is checked that 

{{ax 1 ,bx 3 },cx k } + {{bx 3 ,cx k },ax i } + {{cx k , ax 1 }, bx 3 } = 
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by using Leibniz rule and the induction oni,j,k. It completes the proof. □ 

Lemma 1.2. Let a and 5 be derivations on a Poisson algebra A. 

(a) If a(a) = 5(a) for all generators a of the algebra A then a = 5. 

(b) If a5(a) = 5a(a) for all generators a of the algebra A then a5 = 5a. 

(c) If a satisfies the condition a({a,b}) = {a(a),b} + {a,a(b)} for all 
generators a, b of the algebra A then a is a Poisson derivation. 

(d) If a and 5 satisfy the condition (1.2) for all generators of the algebra 
A, then a and 5 satisfy (1.2) for all elements in A. 

Proof. We proceed by induction on the length of monomials of generators 
in A. Now, it is easy to check (a) and (b) and thus we prove (c) and (d). 
Let a, b, c be monomials of generators of A. 

(c) By the induction hypothesis, we have that 

a({ab, c}) = a(a{b, c} + b{a, c}) 

= a(a){b, c} + aa({b, c}) + a(b){a, c} + ba({a, c}) 
= a(a){b, c} + a({a(b), c} + {b, a(c)}) 

+ a(b){a, c} + b({a(a), c} + {a, a(c)}) 
{a(ab), c} + {ab, a(c)} = {a(a)b, c} + {aa(b), c} + {ab, a(c)} 

= b{a(a), c} + a(a){b, c} + a{a(b), c} 

+ a(b){b, c} + a{b, a(c)} + b{a, a(c)}. 

Hence a({ab,c}) = {a(ab),c} + {ab,a(c)} and so a is a Poisson derivation 
by the induction on the length of monomials. 

(d) By the induction hypothesis, we have that 

5({ab,c}) - {5(ab),c} - {ab,5{c)} 

= 5(a){b, c} + a5({b, c}) + 5(b){a, c} + b5({a, c}) 

- 5{a){b, c} - b{5(a), c} - 5(b){a, c} - a{5(b), c} 

- a{b, 5(c)} -b{a, 5(c)} 

= a(5({b,c}) - {5(b), c} - {b,5(c)}) 

+ b(5({a,c})-{5( a ),c}-{a,5(c)}) 
= a(5(b)a(c) - a(b)5(c)) + b(5(a)a(c) - a(a)5(c)) 
5(ab)a(c) — a(ab)5(c) 

= 5(a)ba(c) + a5(b)a(c) — a(a)b5(c) — aa(b)5(c). 

Hence we have 5({ab, c}) — {5(ab),c} — {ab, 5(c)} = 5(ab)a(c) — a(ab)5(c), 
as claimed. □ 

An ideal / of a Poisson algebra A is said to be a Poisson ideal of A 
if {I, A} C /. For Poisson algebras A and B, an algebra homomorphism 
/ : A — ► B is said to be a Poisson homomorphism if /({a, b}) = {/(a), f(b)} 
for all a, b € A. 



MULTI-PARAMETER SYMPLECTIC AND EUCLIDEAN SPACES 



5 



Lemma 1.3. For a Poisson algebra A, let a be a Poisson derivation and 
let 6 be a derivation satisfying (1.2). 

(a) If I is an (a,5)-stable Poisson ideal of A then IA[x;a,5] p is a Pois- 
son ideal of A[x;a,S] p and A[x; a, 5] p /IA[x; a, 5] p = (A/I)[x; a, 5} p , 
where a and 5 are the maps in A/ 1 induced by a and 8 respectively. 

(b) Let (3 be a Poisson derivation on A[y;a] p such that (3(A) C A and 
(3(y) = cy for some c G k. Then A[y; a] p [x; (3} p = A[x; (3\ A ] p [y\oi'] p , 
where a 1 is a Poisson derivation on A[x;(3\a\ p such that cx'\a = a 
and ct'(x) = —ex. 

Proof, (a) Note that the Poisson algebras ^4[x;a, 5] p and (A/I)[x; a, S] p are 
constructed by Theorem 1.1. The map ip : A[x;a,5] p — > (A/I)[x; a, 5] p 
defined by ip(ao + a\x + • • • + a n x n ) = ao + a\X + • • • + a n x n is a Poisson 
cpimorphism and has the kernel IA[x; a, S] p , hence we have the conclusion. 

(b) Observe that there exists a Poisson algebra since (3\a is a 

Poisson derivation on A. Since A[x, y] = A[y; a] p [x; (3] p is a Poisson algebra, 
the map a' on A[x; 0\a] p satisfying {/, y} = a'(f)y for all / £ A[x; P\a\p is 
a Poisson derivation such that ol\a = ct and a'(x) = —cx by Theorem 1.1, 
and thus the Poisson algebra A[x; (3\A] P [y', a'\ p is constructed. Clearly, the 
identity map from A[y; a] p [x; j3] p into A[x; j3\A] P [y, a'] p is a Poisson isomor- 
phism. □ 

Proposition 1.4. Let A be a Poisson algebra. For Poisson derivations a 
and (3 on A, c G k and u € A such that 

a(3 = (3a, {a, u] = (a + (3)(a)u 

for all a £ A, the polynomial ring A[y,x] has the following Poisson bracket 

(1.4) {a,y} = a(a)y, {a, x} = (3(a)x, {y,x} = cyx + u 

for all a € A. The Poisson algebra A[y,x] with Poisson bracket (1.4) can be 
presented by A[y; a] p [x; /?', 5] p , where (3' is the Poisson derivation on A[y; a] p 
such that (3'\a = (3 and (3'(y) = cy, and 5 is the derivation on A[y; a] p such 
that 5\a = 0, 5(y) = u. We often denote by (A; a, (3, c, u) the Poisson algebra 
A[y, x] with Poisson bracket (1-4)- 

Proof. By Theorem 1.1, there exists the Poisson algebra A[y; a] p with Pois- 
son bracket {a, y} = a(a)y for all a £ A and the derivation (3 is extended to 
a derivation, denoted by (3', to A[y; a] p by setting (3'(y) = cy. Note that the 
derivation 5 = u-^ on A[y; a] p satisfies 5(y) = u and 5(a) = for all a € A. 
Let us prove that, for all /, g G A[y; a] p , 

P'({f,9}) = {P'(f),g} + {f,P'(9)} 

5({f,g}) = {6(f), g} + {f,5(g)} + 5(f)(3'(g) - (3'(f)5(g). 

If /, g G A then the formulas in (1.5) hold trivially since (3 1 is a Poisson 
derivation on A. Hence it is enough to prove (1.5) for the case / = a G A 
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and g = y by Lemma 1.2. Now we have that 

P'({a,y}) = (3'(a(a)y) = a{a)P\y) + (3'(a{a))y 

= ca(a)y + a((3(a))y = {(3'(a),y} + {a, (3'(y)} 
5({a, y}) = 5(a(a)y) = a(a)u = {a, u} — f3{a)u 

= {5(a),y} + {a, %)} + S(a)(3'(y) - (3>(a)5(y), 

as claimed. 

Therefore f3' is a Poisson derivation on A[y;a] p such that the pair (/3',<5) 
satisfies (1.2), and thus, by Theorem 1.1, there exists the Poisson algebra 
A[y, x] = A[y; a] p [x; P' , 8} p with the Poisson bracket (1.4). □ 

Example. For the Poisson algebra k[6, c] with trivial Poisson bracket, that 
is, {b, c} = 0, the derivation a = —26^ — 2c on k[6, c] is a Poisson deriva- 
tion clearly. Observe that the Poisson algebra (k[6, c], a, — a, 0, Abe) is the 
Poisson algebra k[6, c][a, d] with Poisson bracket 

{6, c} = 0, {b, a} = —26a, {c, a} = — 2ca, 
{b, d} = 2bd, {c, d} = 2cd, {a, d} = Abe, 

which is the Poisson algebra given in |14| 2.9], |10[ Example 3.2.9] and |17[ 
3.13]. 

Example. The Poisson algebra (k, 0, 0, 0, 1) is the algebra k[y, x] with Pois- 
son bracket {y,x} = 1, which is equal to the Poisson algebra k[y, x] with 
Poisson bracket {f,g} = g|f - gg, /, g G k[y,x], given in !2, p. 18]. 

Lemma 1.5. Let A and B be commutative ~k-algebras, S a multiplicative 
set of A and tp : A — > B an algebra homomorphism. If 5 is a k-linear map 
from A into B such that 

(1.6) 8(ab) = 5{a)^{b) + ^(o)tf(6) 

for all a,b G A, then there exists a unique It-linear map 5' from AIS^ 1 ] into 
B[tp(S)~ 1 ] such that S'(a) = 5(a) for a £ A and 

S'das- 1 )^- 1 )) = 5'{as- l )i)'{bt- 1 ) + ^'(as-^o^ 1 ) 

for all as _1 ,6t _1 G ^4[5 _1 ] ; where ip' is the extension of ip from ^4[5 _1 ] into 
BIHS)- 1 ]. 

Proof. Define 5' (as' 1 ) = (5(a)ip(s) -^(a)5(s))^(s)~ 2 for all as~ l G 

It is checked routinely that 5' is a well-defined k-linear map and satisfies the 

required conditions. □ 

Proposition 1.6. Let S be a multiplicative set of a Poisson algebra A. 
(a) The localization AfS^ 1 ] has the Poisson bracket defined by 

{as^ 1 ,^ 1 } = ({a, b}st - {a, t}bs - {s, b}at + {s, t}ab)s~ 2 t~ 2 

for oa -1 ,^ -1 G A[S~ l \. 
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(b) If 5 is a (respectively, Poisson) derivation on A then there exists a 
(respectively, Poisson) derivation 5' on S~ 1 A defined by 5'(as _1 ) = 
(S(a)s - a5(s))s- 2 for as' 1 £ A^ 1 } . 

(c) If a group H acts by (respectively, Poisson) derivations on A then 
H acts by (respectively, Poisson) derivations on yl[5 -1 ]. Moreover, 
if a £ A and s £ S are H -eigenvectors and as' 1 ^ then as' 1 G 
AfS 1-1 ] is also an H -eigenvector. 

Proof. If 5 is a derivation on A then, by [121 14.2.2], there exists a unique 
derivation 5' on S~ 1 A such that 5' (a) = 5(a) for all a £ A, and thus 
<5'( as -i) = (5(a)s - a5(s))s- 2 for as" 1 G A[S- X ]. 

(a) For a £ A, let l a be the derivation on A defined by £ a (b) = {a,b} for 
all b £ A. Then there exists a derivation £' a on such that (.'(bs" 1 ) = 
(£ a (b)s - bi a (s))s- 2 for 6s" 1 G AIS" 1 }. Fix an element 6s" 1 G ^[S" 1 ] and 
let j be the natural homomorphism from A into Then the k-linear 
map r bs ~i from A into defined by r bs -i(a) = l a (bs~ l ) for all a G A 
satisfies (1.6), and thus there exists a derivation rt _j on AfS 1 " 1 ] such that 
r 6 -i( a ) = r 6s- 1 ( a ) by Lemma 1.5 since AfS"" 1 ] ^'(S 1 ) -1 ] = AfS" -1 ]. 

Now, define the Poisson bracket on AfS 1-1 ] by 

{as-\bt- 1 } = r' bt . 1 (as- 1 ) 

for as" 1 ,bt~ l G ^[S 1-1 ]. Then it is easy to check that AfS" -1 ] is a Poisson 
algebra and that 

{as' 1 , bt" 1 } = ({a, b}st - {a, t}bs - {s, b}at + {s, t}ab)s~ 2 t~ 2 

for as- l ,bt- 1 G Aft- 1 }. 

(b) By ^21 14.2.2], 5' is the unique derivation such that 5' (a) = 5(a) for 
all a G A and if 5 is a Poisson derivation then the fact that 5' is a also a 
Poisson derivation is verified immediately by using Lemma 1.3. 

(c) It follows immediately from (b). □ 

An element z of a Poisson algebra A is said to be Poisson normal if z is 
not a zero divisor and {z, A} C zA. Hence if z G A is Poisson normal then 
there exists a Poisson derivation 7 on A defined by 

{a,z} = 7(0)3 

for all o G A. 

Lemma 1.7. in f/ie Poisson algebra B = (A; a, (5, c, it) given in Proposition 
1.4, suppose that a(u) = du,(3(u) = —du for some d G k such that c + d 7^ 
and set 

z = (c+ d)yx + u. 

T/ien 

(a) z is a Poisson normal element of B. More precisely, 

{a, z] = (a + (3)(a)z, {y,z} = cyz, {x,z} = —cxz 
for all a £ A. 
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(b) B[y x ] = A[y ±:L ;a]p[y 1 z;j3'] p , where (3' is the extension of [3 with 

'"•;//) <■!/■ ' 

Proof, (a) It follows immediately from a straight calculation. 

(b) Note that _B[y _1 ] = Afy^ 1 ; a] p [x; (3', 5] p , where (3' and 5 are given in 
Proposition 1.4. Since 

{a, y~ x z) = (3{a)y~ 1 z, a G A 
{y,y~ X z} = cy(y~ l z) 
{x,y^z} = y^uiy^z), 

y~ 1 z is a Poisson normal element of -B[y _1 ] and {/, y~ 1 z} = (3'(f)y~ 1 z 
for all / € ^4[y ±1 ;a] p . Hence the Poisson algebra A[y ±l ; a] p [y~ l z; [3'} p is 
constructed by Theorem 1.1 and -Bfy -1 ] = A[y ±l ; a] p [y~ 1 z; f3'] p since 

x = (c + d^y^z - (c + V 1 ^ G A^ 1 ; a] p \y~ x z\ (3%. 

□ 

Let A be a Poisson algebra. A prime ideal of A which is also a Poisson 
ideal is called a prime Poisson ideal and a Poisson ideal iV of A is said to 
be symplectic if there exists a maximal ideal M such that iV is the largest 
Poisson ideal contained in M ( |14l Definition 1.2]). For an ideal I of A, 
denote by (J : TL{A)) the largest TL{A)-stah\e ideal contained in /. Note 
that (I : 7i{A)) is the largest Poisson ideal contained in I since T~L{A) is 
the set of all Hamiltonians of A. Hence if M is a maximal ideal of A then 
(M : H(A)) is a symplectic ideal. 

Lemma 1.8. Let A be a Poisson algebra and let I be a proper Poisson ideal 
of A. Then there exists a prime Poisson ideal P of A containing I. 

Proof. Since I is proper, there exists a prime ideal Q of A such that ICQ. 
Set P = (Q : 7i{A)). Then P is a prime Poisson ideal containing I by j!41 
Lemma 1.3]. □ 

Definition 1.9. For a k-algebra R and a Poisson k-algebra A, set 
spec(i?) = the set of all prime ideals of R 
prim(i?) = the set of all primitive ideals of R 
pspec(^4) = the set of all prime Poisson ideals of A 
symp(^4) = the set of all symplectic ideals of A 
max(^4) = the set of all maximal ideals of A. 

The sets spec(-R) and spec(A) are topological spaces equipped with Zariski 
topologies and the others are also topological spaces equipped with rela- 
tive topologies since prim(i?) C spec(-R), max A C spec A and symp(yl) C 
pspec(^4) C specf^). 
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2. Poisson algebra A n = A^'f 

Theorem 2.1. Let T = (j%j) be a skew-symmetric n x n-matrix with entries 
in k, that is, 7^ = — jji for all i,j = 1, • • ■ ,n. Let P = (pi,P2,'" ,Pn) 
and Q = (qi,q2, ■ ■ ■ , <?n) elements of k n swc/t i/iaf p» 7^ % /or eac/t i = 
1, ■ ■ ■ ,n. Then the polynomial ring \c[yi,xi, ■ ■ ■ ,y n ,x n ] has the following 
Poisson bracket: 

{VhVj} = HjViVj (allij) 
{xi, yj} = (pj - jij)yjXi (i < j) 

(2.1) {yi,Xj} = -\qi + Hj)yiXj (i < j) 

{xi, Xj} = (qi - pj + jij)xiXj (i < j) 

{x^ Vi) = qiyiXi + YX=i(<lk ~ Pk)ykXk (all i) 

The Poisson algebra k[yi, x\, • • • , y n , x n ] is denoted by A^ or by A n unless 
any confusion arises. 

Proof. Let k[ft] be the polynomial ring and let A be the k[/i]-algebra gener- 
ated by y[, x[, ■ ■ ■ ,y' n ,x' n subject to the following relations: 





- VjVi ■ 




(all i,j) 


x'iV'j 


- y]< 


= (pj - iij)hy'j x 'i 


(* < 3) 




- x'jVi 


= -hi + li^hx'jV'i 


(* < 3) 


X i X j 


— XjX i 


= (qi ~Pj + Hj)hx'jX , i 


(* < 3) 


x 'iVi 


- y'i x 'i z 


= qthy'ix't + Efc=\(% - Pk)hy' k x' k 


(all i) 


not 


a zero 


divisor of A and A n = A/hA 


is the commutative 



polynomial ring k[yi, x\, ■ ■ ■ ,y n ,x n ], where 

Vi = Vi + hA, Xi = x ■ + hA 

for all i = 1,2, ••■ ,n. Moreover, the algebra A n has the Poisson bracket 
(2.1) by [r, III.5.4]. It completes the proof. □ 

Remark 2.2. Set 

A = k, Aj = k[yi,X!, ■■■ ,yj, Xj] C A n f 

for each j = 0, 1, • • ■ , n. Then each Aj is a Poisson subalgebra of A^® an d 
Aj = Aj_\[yj,Xj] for each j, and thus, by Theorem 1.1, there exist Poisson 
derivations ctj,/3j and a derivation 5j such that Aj can be presented by 

A? = A?— 1 [Vj ' a j]p l x j i 0j > <y p? 



where 



(2.2) 



= lijVi, ctj(xi) = (pj - jij)xi (i < j) 

Pj(Vi) = ~(qi + lij)Vu Pj(x-i) = (qi ~ Pj + Hj)xi (i < j) 

8j( yi ) = 0, 5j( Xl ) = (i<j) 

(y 3) = -Wj 6 j(yj) = - EClte - Pk)vkx k - 
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Set 

3 

tt = 0, Qj = ^(qk ~ Pk)VkXk 

k=l 

for all j = 1, • • • , n — 1, and note that 

aj/3j = Pjatj, {a, = (atj + /3j-)(a)fij_i 

for all a 6 A/-i- Hence we have Aj = (Aj—i; otj,/3j, —qj, — by Lemma 

1.4 and so the Poisson algebra A n = A^ has the chain of Poisson subalge- 
bras 

A = k C Ai = (Ao;ai,Pi, -<?i,0) C • • • C A n = (A n _i; a n , n , -q n , -Q„_i). 
Lemma 2.3. As in Remark 2.2, set 

i 

= ^2(qk~ Pk)VkXk £ A n = A^J? 
fe=l 

/or eac/i i = 1, • • • , n and Qq = 0. 
('aj For any Qj, 

{yi, Qj} = -qiyiVLj, {x i} Qj} = qiX&j, (i < j) 
{yi,£lj} = -pojiQj, {xi,Qj} = pix&j, (i>j) 
{{li,flj} = 0, (alli,j) 

(b) We have the following relations: 

(2.3) Sli-i = {xi, yi} - qiyiXi, = {x i7 yi} - PiViXi 

Hence, yi and xi are Poisson normal modulo (fij) and (f2j_i). 

Proof. The formulas of (a) follow from (2.1) and the formulas of (b) follow 
immediately since Oj = (% -pi)yiXi + JVi and {x^yj = g^a^ + 0*-!. □ 

Definition 2.4. 13, Definition 1.4] Let V n = {Oi, y\, x\, • ■ ■ ,£l n ,y n , x n } C 
^4 ra . A subset T of P n is said to be admissible if it satisfies the conditions: 

(a) yi or Xi € T 44> and € T (2 < i < n) 

(b) jioriiGT^Hie T. 

Definition 2.5. We define an order relation on the generators of A n by 

Vi, xx, y 2 , x 2 , ■■■ , y n , x n . 

Hence the standard monomials of A n are of the form yVx^y^x^ ■ ■ ■ y^xff, 
where ri,S{ are nonnegative integers. 

Let T be an admissible set. In order to find a k-basis for A n j (T), we use 
an argument for a Grobner-Shirshov basis. Refer to ^H] and [HI for further 
background and terminologies on the Grobner-Shirshov basis. 
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Lemma 2.6. (a) For every admissible setT of A n , T is a Grobner-Shirshov 
basis. 

(b) The algebra A n /(T) has a h-basis consisting of the natural images of 
all the standard monomials which are not divided by any element in the set 

•At = {Vi | y% € T} U {x { \ X{ € T} U {y^ I Qi £T,yi^ T, x { £ T}. 

Proof. We use the notation given in |15l 1.2]. By |15l Theorem 1.5], it is 
enough to show that T is closed under composition. Since the maximal 
monomial of fli is yiXi, a composition occurs for the following three cases: 

{yi,tti}QT, {xi,fti}OT, {yi, Xi, Qi} C T. 

Clearly, all the three cases are closed under composition, hence T is a 
Grobner-Shirshov basis and (b) follows immediately from |15[ Theorem 1.5] 
since all standard monomials form a k-basis of A n . □ 

Proposition 2.7. For every admissible set T, the ideal (T) is a prime 
Poisson ideal of A n . 

Proof. We proceed by induction on n. If n = 1 then there are four admis- 
sible sets, namely, <p,{y\,Qi\,{x\,Qi\ and {y±, xi,Q\}, which respectively 
generate the prime Poisson ideals 0, (yi), (xi) and (yi,xi). 

Suppose now that n > 1 and that for each k < n, if U is an admissible set 
of Ak then the ideal generated by U is a prime Poisson ideal of Aj.. Given 
an admissible set T of A n , let T 1 = T Pi V n -l- Then T' is an admissible set 
of A n _\ and the ideal (T 1 ) is a prime Poisson ideal of A n ^\ by the induction 
hypothesis. Note that T is one of the following five sets: 

r, ru{n n }, ru{y n ,n n }, T'u{x n ,n n }, ru{ yn ,x n ,n n }. 

Since 

A n /(T')A n = A n _i[y n ; a n ] p [x n ; {3 n , 5 n ] p / (T')A n 
(2-4) _ _ _ 

= (Ai-i/ (T ),a n , /3 n , -q n , -fin-l) = B 

by Remark 2.2 and Lemma 1.3, it is enough to prove that the canonical 
images of the above five sets in B generate prime Poisson ideals in B. 

The case T = T': The ideal of B generated by the canonical image of T' 
is clearly. 

The case T = T' U {Q n }: Note that Q n -i ^ T' and J7 n = (q n —p n )ynX n + 
f^n-i- Since £l n -i £ (T 1 ) the canonical image f2 n _i in A n -i/{T') is nonzero 
and the canonical image of J7 n in B is (q n — p n )y n x n -\-tt n -i, which generates 
the prime Poisson ideal (y n x n + (qn — Pn) _1 ^n-i) in B. 

The case T = T' U {y n , £l n }: Since f2 n _i G T', the canonical image of Q n 
in B is (q n — p n )y n x n and {y n ,x n } = —q n y n Xn in B. Hence the ideal of B 
generated by the canonical images of T in B is (y n ) which is a prime Poisson 
ideal of B. 

The case T = T' U {x n , Q n }: As in the case T = T' U {y n , f2 n }, the ideal 
of B generated by the canonical image of T is (x n ) which is a prime Poisson 
ideal of B. 
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The case T — T 1 U {j/ n , x n , £l n }: Since ri n _x G T 1 , the canonical image of 
O n in P is (q n - p n )ynX n and {y n ,x n } = -q n y n x n in P. Hence the ideal of 
B generated by the canonical images of T in B is {y n , x n) which is a prime 
Poisson ideal of B. □ 

Proposition 2.8. (a) For every prime Poisson ideal P of A n , PPiV n is an 
admissible set. 

(b) For an admissible set T , let 

pspec T A n = {P G pspecA n \ P n V n = T}. 

Then pspecA n is the disjoint union of all pspec T A n , that is, 

pspecA n = [+J pspec T A n . 

T 

Proof, (a) For convenience, set £Iq = 0. If flj,£V_i € P then y^Xj G P 
by (2.3) and so y, G P or x\ G P since P is a prime ideal. Conversely, if 
2/i G P or Xj G P then fij, G P by (2.3). Hence we have that, for i > 2, 
Qi,f2j_i G P nV n if and only if yj G P PI "P n or Xj G P n "P n , and that 
Hi G P l~l P n if and only if yi G P H "P n or xi G P P\V n . It follows that 
P n V n is admissible. 

(b) It follows immediately from (a). □ 

Definition 2.9. 13, Definition 3.1] Let T be an admissible set of A n and 
let St be the subset of V n consisting of 

St = ({yi,vi, ■ ■ ■ ,y n ,x„} n T) u {n, I^gT,!/^ T,xi £ T}. 

We define length(T) to be the number of elements in St- Note that the 
number of elements in St is equal to that of At given in Lemma 2.6. 

Lemma 2.10. For any admissible setT of A n , the Gelfand-Kirillov dimen- 
sion of A n /(T) is equal to In — length(T). 

Proof. We proceed by induction on n. If n = 1 then there are four admissible 
sets, namely, (f), {yi, {xi, ^i}, {yi,xi, Let / be the ideal of A\ 

generated by one of the above sets. Then A\jl is one of the forms A\ = 
k[yi, xi], k[xi], k[yi], k. Hence the conclusion for n = 1 is true clearly. 

Suppose now that n > 1 and that for each k < n, if U is an admissible 
set of Ak then the Gelfand-Kirillov dimension of Ak/{U) is equal to 2k — 
length(fJ). Given an admissible set T of A n , let T 1 = T n V n -x- Then T" is 
an admissible set of ^4„_i and the Gelfand-Kirillov dimension of A n -i/(T') 
is equal to 2n — 2 — length (T') by the induction hypothesis. Note that T is 
one of the following five sets: 

r, ru{n n }, ru{y n ,n n }, ru{x n ,n n }, T'u{ yn ,x n ,n n }. 

To find the Gelfand-Kirillov dimension of A n /(T), we will use (2.4). Note 
that the Gelfand-Kirillov dimension of B is equal to 2n — length(T') by |11[ 
Example 3.6]. Let / be the ideal of B generated by the canonical images of 
the above five sets. 
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The case T = T': Then 1 = 0, length(T) = length(T') and the Gelfand- 
Kirillov dimension of B/I is equal to that of B, which is equal to 2n — 
length (T). 

The case T = T' U {£l n } : By the proof of Proposition 2.7, I is the prime 
ideal {y n x n + (Qn — Pn)~ l ^n-i) andlength(T) = length(T') + l. The Gelfand- 
Kirillov dimension of B/I is less than or equal to 2n — length (X") — 1 by 
[111 Corollary 3.16] and larger than or equal to 2n — length(T') — 1 since the 
subalgebra [A n ^\/ (T'))[y n ] of B has the Gelfand-Kirillov dimension 2n — 
length(T') — 1 and the canonical map (A n _i/(T'))[y n ] — ► B/I is injective. 
Hence the Gelfand-Kirillov dimension of B/I is equal to 2n — length (T). 

The case T = T'u{y n , O n }: By the proof of Proposition 2.7, I = (y n ) and 
B/I ^ (A n -x/(T'))[x n ] has the Gelfand-Kirillov dimension 2n - length(T) 
since length(T) = length(T') + 1. 

The case T = T'U{x n , £l n }: By the proof of Proposition 2.7, I = (x n ) and 
B/I = (A n _i/(T'))[y„] has the Gelfand-Kirillov dimension 2n - length(T) 
since length(T) = length(T') + 1. 

The case T = T' U {y n , x n ,Q n }: By the proof of Proposition 2.7, / = 
{yn,x n ) and B/I = (A n -i/{T')) has the Gelfand-Kirillov dimension 2n — 
length(T) since length(T) = length(T') + 2. 

□ 

3. ^-ACTIONS ON 

In this section, we will show that every X-prime Poisson ideal of A n 'jf is 
generated by an admissible set. The statements and proofs of this section 
are modified from those of [HI §3] . 

Definition 3.1. Let 

K = {(hi,h 2 ,--- Mn-lMn) G k 2n | 

h 2 i-i + h 2 i = h 2 j-i + h 2 j for all i,j = 1, • • • , n}. 
The additive group K acts on A n as follows: 

(hi,h 2 ,--- ,h 2n _i,h 2n )(f) = Yl( h2i - iyi ~{fy~ + fl2iXi dx~^ 

for all elements / G A n . Note that each element of K acts on A n by a 
Poisson derivation. 

Let A be a Poisson algebra and let an additive group H act on A by 
Poisson derivations. A proper Poisson ideal Q of A is said to be i?-prime 
Poisson ideal if Q is instable such that whenever I, J are f/-stable Poisson 
ideals of A with I J C Q, either JCQorJCQ. A Poisson algebra A is 
said to be //-simple if and A are the only //-stable Poisson ideals of A. 

Lemma 3.2. Let A be a Poisson algebra and let a be a Poisson derivation 
on A. Suppose that H acts on A[x ±:L ; a] p so that x is an H -eigenvector and 
A is both H -stable and H -simple, where H acts on A by restriction. If H 
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contains a Poisson derivation g such that g\& = a and g(x) = cx for some 
then Alx^ 1 ; a] p is H -simple. 

Proof. Let I be a nonzero proper ii-Poisson ideal of A[x ±:L ; a] p . Then choose 

/ o £ I, of shortest length with respect to x, say a = a>kX k H \-a m x m for 

some k < m, where ctj G A for each i and a&, a m 7^ 0. Since x is unit and An 

1 = 0, we may assume that fc = and a = clq + • • • + a m x m , where m > and 

Oo,a m 7^ 0. Set J = {r G A | r + rixH \-r m x m G I for some n, ■ ■ ■ ,r m G 

A} and note that J is a Poisson ideal of A Given any /i G H, let 

be the /i-eigenvalue of x. Since I is ii-stable, h{r + r±x + • • • + r m x m ) = 
h(r) + (h(ri) + \h,ri)x + • • • + (h(r m ) + m\ h r m )x m G i, and so h(r) G J. 
Hence J is an ii-Poisson ideal of A, and thus either J = or J = A; by our 
choice of a, 1 G J. Thus we may assume that a = 1 + ctix + • • • , a m x m . Since 
I is ii-stable, 17(a) = (g(ai) + cai)x + - • - + (<7(a m )+mca m )x m G I, which has 
the length less than a, hence g(a) = and g{ai) + icai = a(ai) + icai = 
for each i = 1, • • ■ , m. Now, {a, x} = a(oi)x 2 + ••• + a(a m )x m+1 is an 
element of I with the length less than a. Hence a{ai) = and thus ai = 
for all i = 1, • • • , m. It follows that a = 1 G I, a contradiction. As a result, 
^4[x ±:L ; a] p is ii-simple. □ 

Lemma 3.3. Let B = A[y; a] p [x; (3] p , where A is a prime Poisson algebra 
and both a and (3 are Poisson derivations, such that (3(A) C A and j3(y) = cy 
for some c G k ; and that H is a group of Poisson derivations on B such that 
A is H -stable and y, x are H -eigenvectors. If there exist f,g G H such that 
J\a = ol with f(y) = ay and g\A[y;a] p = P g(x) = bx for some a, b G k x , 
and if A is H -simple, then 

(a) B[y- 1 ][x- 1 ],B/(y,x),(B/(y))[x~ 1 ], and (B / (x))[y~ 1 } areH-simple. 

(b) B has only four H -prime Poisson ideals 0, (y), (x), {y, x). 

Proof, (a) Note that 

B[y- 1 ] = A[y ±1 ;a} p [x;(3} p , B^' 1 } [x' 1 ] = A^ 1 ; a] p [x ±1 ; 0\ p . 

By Lemma 3.2, A[y ±:L ;a]p is ii-simple. Now apply Lemma 3.2 twice to 
obtain that -B[y _1 ][x _1 ] = Afy 1 * 11 ; a] p [x ±:L ; (3] p is ii-simple. 

Since B/(y,x) =h A, it follows that B/(y,x) is ii-simple. Next, the 
Poisson algebra (B/(y))[x~ 1 ] =h A[x ±:l ; /3] p is ii-simple by Lemma 3.2. 
Analogously, (B/(x))[y^ 1 ] =h ^[y ±:L ;a]p is ii-simple. 

(b) Clearly, 0, (y), (x), (y,x) are all ii-prime Poisson ideals. Suppose that 
P is a nonzero ii-prime Poisson ideal of B. The extended ideal P e = 
PB[y~ l \ [x _1 ] contains the multiplicative identy because i?[y _1 ][x _1 ] is H- 
simple. Thus, y*x J G P for some i,j and thus P contains y or x since (y) and 
(x) are both ii-stable Poisson ideals of B. If x G P then Pj (x) is an ii-prime 
Poisson ideal of B/(x), and thus P = (x) or P = (x,y) since (i?/(x))[y _1 ] 
is ii-simple. Analogously, if P contains y then P = (y) or P = (x,y). As a 
result, B has only four ii~-prime Poisson ideals 0, (y), (x), (y,x). □ 
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Lemma 3.4. Let B = (A; a, (3, c, u) = A[y; a] p [x; f3', 6] p be the Poisson 
algebra given in Proposition 1.4- Assume, in addition, that A is a prime 
Poisson algebra, a{u) = du, f3(u) = —du for some d G k with c + d ^ and 

5(y) = u G A is Poisson normal in B. Set z = (c + d)yx + 5(y). Let H 
be a group of Poisson derivations on B such that A is H -stable and y, x and 
z are hi -eigenvectors. Suppose that there exist f,g £ H such that f\A = ct 
with f(y) = ay for some a G k x and g\A[ y -a] p = $ with giy^z) = by~ x z for 
some b G k x . If A is H -simple, then 

(a) 5(y) is invertible in B. 

(b) no proper H -stable Poisson ideal of B contains a power of y. 

(c) i?[y _1 ][z _1 ] ; Pfz -1 ] and B / (z) are H- simple. 

(d) the only H -prime Poisson ideals of B are and (z). 

Proof, (a) Since 5(y) = {y, x} — cyx is //-eigenvector and Poisson normal, 
(S(y)) is an //-stable Poisson ideal of B. Thus / = (5(y))nA is a nonzero in- 
stable Poisson ideal of A, and hence 1 G I since A is iJ-simple. In particular, 

1 G (5(y)} and so S(y)B = (S(y)) = B. Consequently, 5(y) is invertible in 
B. 

(b) Suppose that P is a proper //-Poisson ideal of B such that yi G P for 
some j > 0. Whenever y- 7 G P for some j > 0, we have that 

jy J ' 1 5(y) = S(y J ) = {y J ,x} - f3'{y r )x = {y J ,x} -jcy J x G P, 

and hence G P since 5{y) is invertible in B by (a). The repeated 

applications of the above argument guarantee that y G P. Therefore 8{y) = 
{y, x} — cyx G P, and thus no proper iZ-Poisson ideal contains a power of y 
since 5(y) is invertible in B by (a). 

(c) By Lemma 1.7 (b), B[y~ l ] = A[y ±x \ a^y^z; f3'] p . Note that 

Bly- 1 }^- 1 } = A[y ±l -a] p [(y- l z) ±l -p'] p , 9\ A[ y^;a] p = 0- 

Applying Lemma 3.2 yields that both A[y ±l ; a] p and A[y ±l ; a]p[(y _1 z) :tl ; (3'] p 
are //-simple, so B[y~ l \ [z^ 1 ] is //-simple. 

Let P be an //-prime Poisson ideal of /3[z -1 ]. Then P is induced from 
an //-prime Poisson ideal P of B disjoint from {z 3 \ j = 0, 1, • • • }. By 
(b), P contains no yi . Suppose that P contains some y l zK Since z and y 
are Poisson normal and //-eigenvectors by Lemma 1.7 and the hypothesis, 
we have that y 1 G P or z J G P, a contradiction. Thus P is disjoint from 
the multiplicative set generated by y and z. Hence the extension P e to 
Sfy -1 ]^" 1 ] is an //-prime Poisson ideal. Since B[y~ l ] [z^ 1 ] is //-simple, 
P e = 0, and so P = 0, so P = 0. Thus /?[z _1 ] contains no nonzero //-prime 
Poisson ideals. 

If / is a proper //-Poisson ideal of -B^ -1 ] then / is contained in a prime 
Poisson ideal P of /?[^ _1 ] by Lemma 1.8. Set Q = (P : H) the largest H- 
stable Poisson ideal contained in P. If / and J are //-stable Poisson ideals 
such that IJ C Q then either / C P or J C P, and thus either / C Q or 
J C Q. It follows that Q is an //-prime Poisson ideal such that / C Q C P. 
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Since -B[z -1 ] does not have a nonzero //-prime Poisson ideal, we have that 
I = Q = 0. Hence, is //-simple. 

Note that (z) is a Poisson ideal of B since z is Poisson normal by Lemma 
1.7, and zBfy' 1 ] is also a Poisson ideal of B[y~ 1 ]. Observe that 

(B/my- 1 ] = H B[ y -']/{zB[y-']) 

= Aiy^-aUy^z; ^/{zA^-aUy^z- (3'] p ) 
^ H Aly^-ajp. 

Thus {B/{z))[y~ 1 } is //-simple by Lemma 3.2. Denote by b the canonical 
homomorphic image of b G B in B/(z). Since yx = — (c + d)~ 1 5(y) and 
8(y) is invertible in A by (a), y is invertible in B/(z), and thus B/(z) = 
(B I '{z))[y~ l \ is //-simple. 

(d) Clearly is an //-prime Poisson ideal of B since B is a prime Pois- 
son algebra. Further, (z) is //-stable and prime Poisson since z is an H- 
eigenvector and Poisson normal in B. Now, let P be an //-prime Poisson 
ideal of B. HP contains no z % then P extends to an //-prime Poisson ideal 
P of /?[z -1 ]. Since Z?^" 1 ] is //-simple by (c), P = 0, and so P = 0. Assume 
that P contains some z l . Then z£? since (z) is an //-stable Poisson ideal 
and P is an //-prime Poisson ideal. Thus and (z) are the only //-prime 
Poisson ideals of B since B/(z) is //-simple by (c). □ 

Definition 3.5. Given an admissible set T of A n , let Nt be the subset of 
V n defined by 

(a) yi G Nt if and only if yi ^ T 

(b) x\ G Nt if and only if x\ £ T 

(c) for i > 1, fij G Nt if and only if £ T and fij ^ T 

(d) for i > 1, yi e N T if and only if fVi G T and y, ^ T 

(e) for i > 1, Xi G AT T if and only if G T and Xi^T 

Theorem 3.6. For an admissible set T , let Et be the multiplicative set 
generated by Nt- 

(a) E T n (T) = <j>. 

(b) Al = (A n /(T))[E~ l \ is H -simple. 

Proof, (a) It follows immediately from Lemma 2.6 (b). 

(b) We proceed by induction on n. Let n = 1 and we will apply Lemma 
3.3(a). By Remark 2.2, A\ = (k, 0, 0, — qi, 0) = k[yi; 0] p [xi, /3i] p , where 
Pi(yi) = —qiVi, and consider / = (1, 1), g = (—qi, 1) G K. Then g acts as 
/3i on Ai and y(x) = x. There are four possible cases for T: 

<p, {yi, Oi}, {xi, Oi}, {yi, ari, Oil- 
Hence is one of the forms ,4i[y _1 ][x _1 ], (^/(yi))^ 1 ], (Ai/(xi))[yf 1 ], 
Ai/{yi,X\). Applying Lemma 3.3(a), A\ is //-simple. 
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Suppose that n > 1 and A^_ 1 is K-simple for any admissible set S C 
TVi- Note that 

yl n = A n — \ [yn: o> n ]p[x n ] (3 n , 5 n ]p = (A n —i' : Q> n , (5 n , q n , — 1 ) 

a n (-n n _l) =p n (-O n _i), /9 n (-^n-l) = -Pn(-^n-l) 

by Remark 2.2 and Lemma 2.3. Given an admissible set T of A n , set T' = 
T n and let I be the ideal of A n -\ generated by T'. Then, since / is 
{a n , P n , <5 n }-stable, Lemma 1.3 gives the following ^-equivalence: 

A n /IA n =k {A n —i/I)[y n ;o: n \p[x n ',P n ,S n \p, 

where 5 n = if f2 n _i € T', and thus we have 

(A^/JA,)^ 1 ] =k (A n _i//)[^, 1 ][y n ;a n ] p [x n ;^„J n ]p. 

Set 4 = (^-i//)^, 1 ] and S = T\T'. Then (T) = IA n + (S) and 

A n /(T) ^ K (A n /IA n )/((T)/IA n ) 

A n /{T)[E~}} =k A[y n ;a n ]p[x n ;p n ,5 n }p/(S). 

Let E be the multiplicative set generated by Nt\(Nt> fl V n -i). Then 

i4 B /(T>[^ 1 ] = A»/<r>[^ 1 ][£r 1 ] 

=k (-4bn;an]p[2;„;/3 n ,5„]p/(S'})[ J B _1 ]. 

In order to apply Lemma 3.3 and Lemma 3.4, we will define the necessary 
elements of K. Set 

/ = (llmPn ~ Tln,T2n,Pn T2n, ' ' ' ,Tn— l,n,Pn ~ Tn— l,n, ^iPn 1) 
9 = {-Ql - Tin, Ql ~ Pn + Tin, ~?2 ~ T2n, 92 ~ Pn + T2n, ■ • • , 

q-n—l Tn— l,n, QVi— 1 Pn "i" Tn— l,n, — 9n, <7n Pn)- 

Then f,g £ K and /U n _i = a n J(y n ) = y n ,f(x n ) = (p n - l)x n and 
ffU„_i[j/„;a„] p = 0n,g(x n ) = (q n -Pn)x n - Note that (-<? n +p n )y n x n -Sl n _i = 
-0 n and gi-y^ttn) = (q n -Pn)(-^ 1 ^n)- As defined, 1 and q n - p n are 
nonzero. 

There are five possible cases for S: 

IfS = (f> then (5) = 0, and if Oi-i e T', then i£ is generated by y n and x n , 
so that 

A^ =K (A[y n ;a n ] p [x n ;P n ,5 n ] P / (S))^- 1 } 

= {Aly^anlplxnMp)^' 1 }^' 1 ] 

= A[y n ;a n ]p[x n ;/3 n ]p. 

since 5 n = 0. Applying Lemma 3.3 yields that A^ is K-simple. If O n _i ^ T' 
then £ is generated by ft n and ^ = K (A[y n ; a n } p [x n ; (3 n , ~5 n ) p )[Q,~ 1 } is K- 
simple by Lemma 3.4. 
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If S = {fl n } then Q. n -i ^ T' and E = {1}, and so 

A n -K {A[y n ;a n ] p [x n ;f3 n ,5 n ]p)/(tt n ) 

is K-simple by Lemma 3.4. 

If S = {y n , Q n } then (S) = (y n ) and E is generated by x n . Further 5 n = 
since f2 n _i G T' and 

—K (A[y n ;a n ] p [x n ;]3 n ,S n ] p / (S))^ 1 } 

= (Alyn-anlplxnMp/iyn))^' 1 } 

is K-simple by Lemma 3.3. 

If S = {x n ,Q n } then (S) = (x n ) and E is generated by y n . Moreover 
5 n = and 

=K {A[y n ;a n ] p [x n ;]3 n ,S n ] p / (S))^ 1 } 

= {A[y n ;a n ]p[x n -'^ n }p/{x n ))[y~ 1 } 

is if-simple by Lemma 3.3. 

Lastly, if S = {y n , x n , Q n } then fl n -i G T' and P = {1}, and so 

A^ =k {A[y n ;a n ]p[x n ;P n ]p)/{y n ,x n ) 

is K-simple by Lemma 3.3. Therefore we conclude that A^ is K-simple for 
every admissible set T. □ 

Lemma 3.7. Let P be a K-prime Poisson ideal of A n . Then T = P fl V n 
is an admissible set. 

Proof. For convenience, set Qq = 0. Suppose that yi G T, i = 1, ■ • • , n. 
Then = {xi,Vi} ~ QiViXi G P and ^ = - Vi)Vi%i + ^i-i G P by 

Lemma 2.3. It follows that if yi G T then f2j, G T. Similarly, if X{ G T, 
i = ,n then G T. Conversely, suppose that G T, 

i = 1, ■ • ■ , n. Then — pi)yiXi = f2j — G P. Since yi and Xj are both 
iT-eigenvectors and Poisson normal modulo we have that (yj,Oj_i) 

and are K-stable Poisson ideals and (yi, fij-i) C P, and 

hence we have ?/, G P or Xj G P. Therefore, if G T, z = 1, • ■ ■ ,n 

then j/j G T or Xj G T. It follows that T is an admissible set of A n . □ 

Theorem 3.8. Every K-prime Poisson ideal of A n is generated by an ad- 
missible set. 

Proof. Let P be a K-prime Poisson ideal of A n and let T = P fl V n - Then 
T is an admissible set by Lemma 3.7 and P/ (T) is a i^-prime Poisson ideal 
of A n /(T). By definition, N T n T = 4> and so N T n P = 0, and hence 
iVy fl P/{T) = <j), where each element of Nt is Poisson normal in A n /(T). 
Recalling that Et is the multiplicative set generated by Nt, we have that 
E T n P/(T) = 4>. Hence (P/(T))[P r _1 ] is a K-prime Poisson ideal of A£, 
and so (P/{T))[E T ~ } = since A^ is K-simple by Theorem 3.6. Therefore, 
P/(T) = 0, so P = (T). ' □ 
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4. A RELATION BETWEEN POISSON SPACES AND QUANTUM SPACES 

We set A = Z n , the free abelian group with finite rank n and let u : 
A x A : — ► k be an antisymmetric biadditive map, that is, 

u(a, (3) = —u(f3, a), u(a, /? + /?') = u(a, (3) + u(a, /3'), 

for a, f3, € A. Then the group algebra fcA becomes a Poisson algebra with 
Poisson bracket 

{x a ,xp} = u(a,/3)x a+j3 . 

This Poisson algebra is denoted by k u A. (See O §2].) Set A+ = (Z + ) n 
and let k u A + be the subalgebra of k u A generated by all x a ,a € A + . Note 
that k u A + is isomorphic to the commutative polynomial ring k[xi, • • • , x n \. 
Hence k[xi, • • • , x n ] is a Poisson algebra with Poisson bracket 

for all where are the standard basis for A. 

Let r = (ry) be a skew-symmetric n x n-matrix with entries in k. Then 
there exists an antisymmetric biadditive map u : A x A : — ► k defined by 
u(ei, €j) = T{j. Hence k[a?i, • • • , x n ] is a Poisson algebra with Poisson bracket 

{ry* . ry* . L ff* . . ry* . ry* . 

for all This Poisson algebra is denoted by Q(r). 

Definition 4.1. Let r n be the following skew-symmetric 2re x 2re-matrix 
determined by the defining coefficients in A n = A ^ given in Theorem 2.1: 

X„ 







Yi 


Xi 


F 2 


x 2 


F„ 




Fi 


( 





-qi 


712 


-(51+712) 


71 n 




Xi 




qi 





P2 — 712 


5i — P2 + 712 


■ ■ Pn — Tin 


51 


F 2 




-712 


-(pa - 712) 





-52 


T2n 




x 2 


5i 


+ 712 


— («?1 - P2 + 712) 


52 





■ ■ Pn — 72n 


52 


Y n 




"Yin 


-On -7l«) 


— 72 n 


-0n-72n) 







X n 


U 


+ Tin 


— (qi - p„ + 7i„) 


52 + 72n 


— (92 — Pn + 72n) ■ 


5n 





— Pn + Tin 
(52 +72n) 

— Pn + 72n 



-5n 




Hence there exists the Poisson algebra Q(r n ) = k.[Yi,X\, • • • , Y n , X n ], which 
is called the Poisson algebra attached to A n . 

Definition 4.2. [HI Definition 1.1] Let P, Q G (k) xn such that P = (pi, • • ■ ,p„ 
and Q = (qi, ■ ■ ■ , Qn) where Pi^ 1 is not a root of unity for each i = 1, • • ■ , re. 
Further, let T = (ym) G M n (k x ) be a multiplicative skew-symmetric ma- 
trix, that is, 7^ = 7^ and 7^ = 1 for all Then K n ^ is the k-algebra 
generated by y\,x\, ■ ■ ■ , y n , x n satisfying the following relations: 

yiyj=iijyjVi (all j) 

Xiyj = /' ; -,./.'/r r ' (» < j) 

yixj = q^ l % l Xjyi (i < j) 

XiXj — ^lijXjXi (i <C J 



Xiy% 



QiyiXi + X)fe=i(9fe - Pk)ykXk (all i) 
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P O 

We simply write K n for K p unless any confusion arises. 
As in &, Lemma 2.1 and Definition 2.2], set 



^2(lk -Pk)VkXk G 



fc=l 



for each i = 1, • • • , n and a subset T C xi, fix, • • • , y n , x„, f2„} =?„ C 
X n is said to be an admissible set of K n if T satisfies the conditions (a) and 
(b) of Definition 2.4. 

Let s = (sij) be a multiplicative skew-symmetric n x n matrix over /c. 
Then the multiparameter quantized coordinate ring -R(s) of affine n-space 
is the algebra generated by xi, ■ ■ ■ ,x n subject to the relations 

% j — ij j % ' 

Definition 4.3. 3 , (5)] Let s n be the following multiplicative skew-symmetric 



In x 2n-matrix determined by the defining coefficients in K n 
in Definition 4.2: 

Xx Y 2 X 2 Y n 

Qi 1 712 



K nT § 1Ven 



Y ± ( 

X X 

Y-2 
X 2 



y 
1 n 

Xn 



Y-i 
1 

qi 

7i" 2 1 

91712 



1 

Ql l P2ll2 



7l n 



Pn 1 Hn 
1 Pnlln 



P2712 
1 



7 2 n 
9272ri 



9l 

qip 2 lr m 

12 1 



1 



Pn 1 72n 
9 2 "V7 2 n 1 



-1 



7ln 
Pn7l"n 

72n 
Pnl 2r , 

1 

9» 



qiPn lr rin 

Q2 1 l2n 
q2Pn 1 l2n 



1 



Note that each entry of r n given in Definition 4.1 is the additive form of 
the corresponding entry of s ra . Since s n is a multiplicative skew-symmetric 
matrix, there exists the multiparameter quantized coordinate ring R(s n ) of 
affine 2n-space, which is called the quantized algebra attached to K n . 

Let / be an ideal of a Poisson algebra A. Denote by V P (I) the set of all 
prime Poisson ideals of A containing /. That is, 

Vp(I) = V(J) n pspec A. 

Since J = nV p (I) is a semiprime Poisson ideal and V P (I) = V P (J), the closed 
sets of pspec A are exactly the sets V P (I) for semiprime Poisson ideals I of 
A. 

Lemma 4.4. Let A be a finitely generated Poisson algebra. Then the irre- 
ducible closed sets of pspec A are exactly the sets V P {P) for prime Poisson 
ideals P. 

Proof. Let P be a prime Poisson ideal of A and let V P {P) = V P (I) U V p ( J) 
for some ideals I, J. Then we have 

p = nVp(P) = n[Vp(J) u v p {J)} = nv p {i n J) d i n J d ij, 
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and thus P contains I or J, say I CP. Hence we have that V P (P) = V P (I). 
It follows that V P (P) is irreducible. 

Conversely, let V P (P) be an irreducible set for some semiprime Poisson 
ideal P. Since A is noetherian and P is semiprime, P = Q\ fl • • • fl Q n an 
intersection of finitely many prime ideals minimal over P by Theorem 
2.4]. Since each (Qi : Ti(A)) is a prime Poisson ideal containing P by |14[ 
Lemma 1.3] and Qj is a prime minimal over P, we have = (Qi : 71(A)) 
a prime Poisson ideal. Since V P (P) = V p (Qi fl • • • fl Q n ) = ^iV p (Qi) and 
V P (P) is irreducible, we have that V P (P) = V p (Qi) for some i. It completes 
the proof. □ 

Definition 4.5. Given an admissible set T of A n (or K n ), set 
t?(T) = {Yi | ft € T} U {X, | x* G T} U {X, | ^ G T, ft ^ T,x, £ T} 

the multiplicative set of A n (or X n ) generated by {yj| yi £ T} 
Ut the multiplicative set of Q(r n ) (or R(s n )) generated by {Yi\ yi £ T}. 
Note that if fi* G T then Y t Xi G (r?(T)) since Fj G rj(T) or X» G 7](T). 

Lemma 4.6. For admissible sets T and T' , T ^ T' 43- rj(T) ^ n(T'). 

Proof. (=>) Let T j^T'. If there exists Oj such that f2j G T and f2j ^ T", or 
J2i ^ T and 0j G T', say 0« G T and fi* <£ T\ then Yi G 77 (T) or Xj G tj(T), 
but n(T') contains neither Yi nor Xi, and so r](T) 7^ rj(T'). Hence we 
suppose that T n {Qi, ■ ■ ■ ,tt n } = T' D {^i, • • • ,fi n }. If T n {yi, • • • ,y n } / 
T' n {yi, ■••,!/„} then V (T) + rj(T') clearly, and if T n {yi, ■ • • , y n } = T n 
{yi ; ■ ■ • j fti} then there exists Xj such that one of T and T' contains Xi and 
the other does not contain Xi, say x% G T and Xj ^ T". If i = 1 then 
Xl G r](T) and Xi ^ T](T'), and so r?(T) ^ f](T'). Assume that i > 1. Then 
^i-l G T and so fij-i G T', and hence y« G T" since Oj G T" and Xj ^ T'. It 
follows that Xi G ry(T) and X t <£ r/(T'), and thus rj(T) / f?(T'). 

(•<=) If T = T' then r/(T) = rj(T') clearly. Therefore, if f](T) ^ r)(T') then 
we have that T 7^ T' . □ 

Lemma 4.7. Lei T be an admissible set of A n . 

(a) The map V T : (AJ {T))$ T ~ l ] — (Q(r n )/(r / (T)))[Z7 T " 1 ] denned 6y 

^(yj = Y< (a// i) 

* , T {x 1 )=X 1 _ (t = l) 

^(x,) = Xi - (ft - p^yrV^iX^! (i > 2, ^ i T, Xi i T, i T) 

y' T (xi) = Xi (i> 2, Xi i T, JVi G T) 

= -(qi - PijYi^Yi^Xi-.! (i > 2, ft ^ T, Xi £ T, fi f G T) 

zs a Poisson isomorphism, where (ft — pj) = (ft — Pi) _1 (ft-i — Pi-i) /or eac/i 
j = 2, • • • ,n. Moreover V T (y T ) = ^T, ^t(^) = (% ~ PiWi^i f or a ^ i 
and if f G A n and T' is an admissible set such that TCT' then ^>' T (f) is 

congruent to ^' T ,(f) modulo the ideal of (Q(r n )/ (t](T')))[Ut' X ] generated 

byri(r'). 
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(b) Set 

spec T A n = {Pe spec A n \ P n V n = T} 
spec v{T) Q(r n ) = {Pe spec Q(r n ) \ Pn {Yi,Xi, ■ ■ ■ ,Y n ,X n } = V (T)} 
pspec v(T )Q{rn) = {P G pspec Q(r n ) \ P n {Yi, X u ■ ■ ■ , Y n , X n } = r/(T)}. 

For every P G spec T A n , there exists a unique element ^fr(P) of spec v ^Q(r n ) 
such that y' T ((P / (T)) e ) = (* T (P)/(r/(T))) e ; and conversely, for each Q G 
spec r)(T)Q( r n), there exists a unique P G spec T A n such that^' T ((P / (T)) e ) = 
(Q I (r](T))) e . Moreover, the map 

^ T ■ pspec T A n — ► pspec J?(r )Q(r n ), P i-> ^ T (P) 

is a homeomorphism, if P and Q are prime ideals of A n such that P C Q, 
P nV n = T,Q C\V n = T' then T C T and * T (P) C V T '(Q), and P G 
pspec T A n is symplectic if and only if &t(P) is symplectic. 

(c) The map : pspecA n = \+jpspec T A n — ► \+j pspec v ^Q(r n ) defined 
by ^(P) = ^t(P) for P G pspec T A n is a homeomorphism such that its 
restriction ^\ symp A n '■ sympA n — ► ^ (sympA n ) is also a homeomorphism. 

Proof, (a) Define an algebra homomorphism 



ipT '■ A n ► (Q(r n )/ (rj(T)))[UT 



-1, 



by 
(4.1) 



MVi) = Yi (^1 i) 

iP T {xi) =X l - (q t - pjYi'Wi^Xi-! (i >2, Vi <£ T) 

1 p T (xi)=X_ l (i>2, yi eT) 

^r(xi) = X x (i = 1) 

where (qi — pi) = (qi ~Pi) 1 (qi-i ~Pi-i) for each i = 2, ■ ■ ■ ,n. It is checked 
by a straight calculation that tp? is a Poisson homomorphism. 

We will prove that Vr(^i) = (Qi — Pi)Y %Xi for alH = 1, ■ • • , n using the 
induction on i. If i = 1 then ip(Qi) = (qi — pi)Y\X\ clearly. Suppose now 
that % > 1 and that = (<7j — Pj)YjXj for each j < i. If yi ^ T then, 

by the induction hypothesis, 

ipr(ili) = ipT((qi -Pi)y%xi + JVi) 

= (Qi - Pi)Yi(Xi - (qi - pi)Yi 1 Y i _ 1 X i - 1 ) + (q^ - pj_i)Y"i_iXj_i 

= (Qi -Pi)YiXi. 

If yi G T then G T and thus Y^X^ G (rj(T)) and 

tpr(^i) = 4>T((qi -Pi)y%Xi + JVi) 

= (Qi - Pi)YiXi + (gj_i - pi-i)Y \-iXi-i 

= (qi -Pi)YiXi. 

Hence ipT(^i) = (qi — Pi)YiXi for all i, as required. 
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If G T then Y^Xj G (r/(T)), and so ^t(^) = for all ^ G T. More- 
over, ipT(xi) = for all Xi £ T and iprivi) = for all yi E T clearly. 
It follows that (T) C ker?/V and thus there exists a Poisson epimorphism 
: {AJ (T))\y T - l \ — » (g(r n )/(7 ? (T)))[Z7 T ~ 1 ] such that ^ T (J) = Vt(/) 
for all / G ^4 n since all elements of V't(3^t) are invertible. 

Let us show that ij) T = ty' T . Clearly i^xiVi) = *t(^i) ^ or au * an d 
tp T (xi) = ^S>' T (xi). Moreover it is clear that ip T (~x~i) = ^' T (xi) for all Xi 
such that yi (jz T and ^ T, where i > 2. If i > 2 and yj G T then 

f2i_l G T and so ip T (xi) = Xi = \Py(xj). If i > 2, yj ^ T, Xj ^ T and Oj G T 
then ipr((qi - Pi)yiXi) = ^ r (fi i -fi i _ 1 ) = -fe-i -Pi-i)YViXi_i and thus 

V'r(xj) = -jPi)Y"i = W T (xi). Thus ^t(^) = *t(^<) for a11 

required. 

Let T' be an admissible set such that TCT', Then VPy(yj) and 'l'^(xi) 
are congruent to ^S>' T ,(yi) and ^/(xj), respectively, modulo the ideal of 

(Q(r n )/(7 ? (T / )))[WT^ 1 ] generated by r/(T') since ^,(0*) = -ft)^i> 
and thus ^' T (f) is congruent to ^f' T ,(f) modulo the ideal generated by r/(T') 
for all f £ A n . 

Note that the number of elements in r/(T) is equal to length(T) and thus 

the Gelfand-Kirillov dimension of (Q(r n ) / (rj(T)))[UT ] is equal to 2n — 
length(T) by [111 Example 3.6 and Proposition 4.2]. By Lemma 2.10 and 

[111 Proposition 4.2], (A n / {T))[yT ] has the Gelfand-Kirillov dimension 
2n — length(T). Moreover ker ifi T is a prime ideal since (Q(r n ) / {t](T)))[Ut ] 
is prime, and thus ip T = ty' T is a Poisson isomorphism by Proposition 
3.16]. 

(b) For every P G spec T ^4 n , the extended ideal (P/{T)) e is a prime ideal 

of (A n / (T))[yT ] since P n yr = and thus, by (a), there exists a prime 
ideal *t(P) of Q(r n ) such that 

(V(T)) C * T (P) 

(4.2) ^t(p) r\U T = 4> 

*'A(P/(T)) e ) = (* T (P)/(v(TW. 

If ^ 7 ?(^') then Y^ ^ $r(P) by the second formula of (4.2), and thus 
if Yi G *t(P) then *5 G r/(T). Let X; G *t(P) - rj(T). Then we have 
= ( 9i -p^FiXi G (^ T (P)/(??(T)}) e by (a) and thus SU G P by the 
third formula of (4.2). It follows that G T and Xj ^ T since Xi ^ v(T)- 
If i = 1 then ty' T (xi) = X\ and if i > 1 then j/j G T by the definition of 
rj(T) since Oj G T,Xi £ T,Xi £ t](T), and so flj_i G T. Thus ^' T (xi) = 
Xi G (^t(P) / {il{T))) e for any i by the definition of ^f' T . Hence Xj G P by 
the third formula of (4.2) and thus Xj G T and Xi G i](T), a contradiction. 
Therefore we have that * T (P) D {Yi,Xi,--- ,Y^,X n } = r/(T) by the first 
formula of (4.2). Conversely if Q G spec v (T)Q( r n) then there exists a unique 
element P G spec T A n such that 1^((P/(T)) e ) = {Q/(r](T))) e since % is 
an algebra isomorphism. 
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Since *$>' T is a Poisson isomorphism, we have that P £ pspec ^A n if and 
only if ^t(P) € pspec T] (T)Q{ Y n) and the map 

: pspec T A n — > pspec^ (T) Q(r n ), P h-> 9 T (P) 

is a homeomorphism. Let P and Q be prime ideals of A n such that P Q Q, 
P DVn = T and Q H P n = T'. Then T and T' are admissible sets such 
that T C T". Since, for each / S A„, ^f' T {f) is congruent to ^' T ,(f) modulo 
the ideal of Q(r n )[U^] generated by r/(T') by (a), we have that \Py(P) C 
*T'(Q)- 

The fact that P € pspec r ^4n is symplectic if and only if ^t(P) is sym- 
plectic will be proved after the proof of Theorem 4.10. 

(c) By (b), it is clear that is bijective. For a prime Poisson ideal P of 
A n with P n V n = T, let us show that 

(4.3) *(V P (P)) = V p (*r(P)) n M. 

If (4.3) is true then is continuous by Lemma 4.4. Let Q € V P (P) and 
Q n P n = T'. Then P C Q and thus tf T (P) C V T >(Q) = V(Q) by (b). 
Conversely, let Q be a prime Poisson ideal of A n such that Q H V n = T' and 
*T'(Q) G V P (^ T (P)). Then (ry(T)) C * T (P) C ^ T '(<2) and thus T cQ. It 
follows that TCP' and ^ T (P) C %v(Q). Therefore P C Q since ^(/) is 
congruent to ^f' T ,(f) modulo the ideal of Q{Y n )\U^ T }\ generated by rj(T') for 
all / G A n , and hence *(V P (P)) = V p (*r(P)) n Im^, as claimed. 

For any ideal I of Q(r n ), we have that V P (I) n Im* = Ur[H>(-0 n I m ^r] 
and each set V P (I) H Im^y is a union of the forms V P (Q) PI Im^T for some 
prime Poisson ideals Q of Q(r n ) with Q n • • • ,Y n ,X n } = r/(T) by 

(b) and Lemma 4.4. Hence if we show that ^ _1 (V P ((5)) = V P (^ 1 (Q)) for a 
prime Poisson ideal Q of Q(r n ) with Q H {Yj., Xi, • • • , Y n , X ra } = r/(T) then 
\I/ is continuous. By (4.3), we have that 

V p (Q)nlm* = *(V p (^ 1 (Q))) 

for a prime Poisson ideal Q of Q(r n ) with Q n {Yi, Xi, • • • , Y n , X n } = 77 (T), 
and thus we have that ^^ 1 (V P (Q)) = V P (^^ 1 (Q)). It completes the proof. 

□ 

For a Poisson algebra A, the set 

Z p (A) = {a € A j {a, A} = 0} 
is said to be a Poisson center of A. 

Definition 4.8. |141 Theorem 2.4] A Poisson k-algebra A is said to sat- 
isfy the Poisson Dixmier-Moeglin equivalence if the following conditions are 
equivalent: For a prime Poisson ideal P of A, 

(i) P is symplectic (i.e., there exists a maximal ideal M of A such that 
P is the largest Poisson ideal contained in M). 

(ii) P is rational (i.e., the Poisson center of the quotient field of AjP is 
algebraic over k). 



MULTI-PARAMETER SYMPLECTIC AND EUCLIDEAN SPACES 



25 



(iii) P is locally closed (i.e., the intersection of all prime Poisson ideals 
properly containing P is strictly larger than P). 

Proposition 4.9. Let r be a skew- symmetric n x n-matrix with entries in k. 
The Poisson algebra Q(r) satisfies the Poisson Dixmier-Moeglin equivalence. 
More precisely, 

symp Q(r) = {locally closed prime Poisson ideals} 
= {rational prime Poisson ideals} 

= \^J{maximal elements of pspec w Q(r)}, 
w 

where W C {x\,x 2 , • • • , x n } and 

pspec w Q(r) = {P € pspec Q(r) | P n {xi,x 2 , ■ ■ ■ ,x n } = W}. 

Proof. Let P be a prime Poisson ideal of Q(r). If P is locally closed then 
P is symplectic by Proposition 1.7] since Q(r) is a Jacobson ring, and 
if P is symplectic then P is rational by |14l Proposition 1.10]. 

Let P be a rational prime ideal and set W = P n {xi,X2,-- - ,x n }. 
Then Q(r)/{W) = k[zi, ■ ■ ■ ,z k ], where {z 1} ■■■ , z k } = {x 1} x 2 , ■ ■ ■ ,x n }-W, 
and thus pspec w Q(r) is homeomorphic to pspec k[zi, • • • , z k ] and P cor- 
responds to a rational prime Poisson ideal Q of kfz^ 1 , • • ■ , z^ 1 }. Since Q is 
a maximal prime Poisson ideal of k[zj tl , • • • , z^ 1 } by |14l Corollary 2.3 and 
Theorem 2.4], P is a maximal element of pspec w Q{r). 

If P is a maximal element of pspec w Q(r) and Q is a prime Poisson ideal 
of Q(r) which contains P properly then Q has an element X{ which is not 
in P. Hence the intersection of all prime Poisson ideals properly containing 
P is strictly larger than P. It follows that P is locally closed. □ 

Theorem 4.10. The Poisson algebra A n satisfies the Poisson Dixmier- 
Moeglin equivalence. More precisely, 

symp A n = {locally closed prime Poisson ideals} 

= {rational prime Poisson ideals} 

= {^{maximal elements of pspec T A n } 

T 

Proof. Let P be a prime Poisson ideal of A n . Note that A n is a Jacobson 
ring since A n is a finitely generated commutative ring. If P is locally closed 
then P is symplectic by [141 Proposition 1.7], and if P is symplectic then P 
is rational by Proposition 1.10]. 

Let P be rational and set T = P T\V n . Then T is an admissible set by 
Proposition 2.8 and *$>t(P) is a rational prime Poisson ideal of Q(r n ) such 
that ^ T (P) n{Fi,Xi,--- ,Y n ,X n } = n(T) by Lemma 4.7 (b). Hence * T (P) 
is a maximal element of the set pspec v (r)Q{ r n) by Proposition 4.9, and thus 
P is a maximal element of pspec j<A n by Lemma 4.7 (b). 

Let P be a maximal element of pspec ^A n and let Q be a prime Poisson 
ideal of A n which properly contains P. Then QV\V n contains properly the 
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admissible set T. Hence the intersection of all prime Poisson ideals Q of 
A n properly containing P is strictly larger than P since admissible sets are 
finite. It follows that P is locally closed. It completes the proof. □ 

The proof of Lemma J^.l (b): For any P G pspec T j4 n , P is symplectic 
if and only if P is a maximal element of pspec r ^4 n by Theorem 4.10, and 
^t(P) is a symplectic ideal of Q(r n ) if and only if ^t(P) is a maximal 
element of pspec r) ( T )Q(r n ) by Proposition 4.9. Hence P is symplectic if and 
only if ^t(P) is symplectic since preserves inclusion by Lemma 4.7 (b). 
□ 

The map of the following Lemma 4.11 (a) is modified from the map 
given in Proposition 2.7]. 

p o 

Lemma 4.11. Let T be an admissible set of K n = K ^ ■ 

(a) The map T' T : (K^ / (T))^ 1 } — > (i?(s n )/(??(r)))[Z7 T ~ 1 ] defined 

by 

T'rfo) = Yi (all i) 

V T (xx) = Xi _ (i = l) 

T' T (xi) =Xi- (ft ~ ViWi^Yi^Xi-i (i >2, yi (£ T, Xi £ T, £ T) 
T' T (xi) = Xi (i> 2, Xi i T, IV i G T) 

T' T (xi) = - p^Y^Y^Xi^ (i >2, Vl (£ T, Xi £ T, G T) 

is an algebra isomorphism, where (qi—pi) = (qi—Pi)~ l (qi-i—Pi-i) fori > 2. 
Moreover T^(3^t) = Ut, T^(Oj) = (qi — pi)Y \Xi for all i and T' T (xi) is 
congruent to Xi modulo for all i = 1, • • • , n, where (YqXq) = 0. 

(b) Let spec v (T)R(sn) be the set of all prime ideals Q of R(s n ) such that 
Q n {Y\, X\, ■ ■ ■ ,Y n ,X n } = r/(T). For every P G spec T K^ , there ex- 
ists a unique prime ideal Ty(P) G spec v ^R(s n ) such that T' T (P/ {T)) e = 



(Tt(P) I ' {rj(T))) e . Moreover, the map Tt '■ spec T K^'® — ► spec n ^R(s n 

p o 

a homeomorphism, if P and Q are prime ideals of K n 'ff such that P C Q, 
P nV n = T, Q r\V n = T then T C T and T T (P) C T T >(Q), and 
P G spec T K^'^ is primitive if and only ifTj-(P) is primitive. 

(c) The map T : specK^'® = (+J T spec T K^ — ► (+J spec^( T )i?(s n ) defined 
by T(P) = T T (P) /or P G spec T K^ is a homeomorphism such that its 
restriction r ^\ primK p ,Q '■ primK^'® — > T(primK^) is also a homeomor- 
phism. 

Proof, (a) It follows by mimicking the proofs of Proposition 2.7] and 
Lemma 4.7(a). 

(b) It follows immediately from mimicking the proof of Lemma 4.7(b). 
Note that a prime ideal P G spec xK n is primitive if and only if P is a 
maximal element of spec by [HI Theorem 3.8 and Theorem 4.16]. 
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(c) Note that the irreducible closed sets of spec K n are exactly the sets 
V(P) for prime ideals P of K n and that K n is noetherian by [El Theorem 
4.12]. The result follows immediately from an argument mimicking the proof 
of Lemma 4.7 (c). □ 

Remark 4.12. Let P, Q,F be the ones given in Definition 4.2 and let G be 
the multiplicative subgroup of k x generated by all Pi,qj,"fij- Then, by [TT)1 
Lemma 2.4], there exists a group homomorphism <f> from G into k such that 
its restriction to the torsion free subgroup of G is injective. Since each p%q~ x 
is not a root of unity, we have <j>(pi) ^ 0(%) for i = 1, 2, • • • ,n. Set 

<f>(P) = (0(pi), • • ■ ,0(p n )) 

0(Q) = 0K<?i), • • ■ 
0(r) = (0( 7ii )). 

Note that 0(r) is a skew-symmetric n x n-matrix with entries in k since 
r is a multiplicative skew-symmetric n x n-matrix. 

Lemma 4.13. Let tt\ : X — > Y and H2 '■ Y — ► Z be topological quotient 
maps. Then the composition TT2 o 7Q : X — ► Z is also a topological quotient 
map. 

Proof. Clearly, the composition tt2 o -k\ is surjective. For a subset C of 
Z, C is closed in Z if and only if 7r^~ (C) is closed in y if and only if 
ir^ 1 (ir^ 1 (C)) = (tt2 o 7Ti) _1 (C) is closed in X since both 7Ti and 7r2 are 
topological quotient maps. Hence iT2 o m is a topological quotient map. □ 

Theorem 4.14. Ze£ P,Q,T,(p be the ones given in Definition 4-2 and Re- 
mark 4-12, and assume that the subgroup of k x generated by all Pi^qj^ij 
does not contain — 1. Then there exists a topological quotient map 

vr : pspecA^ - spe<? 

swc/i that its restriction 

is a/so a topological quotient map. Moreover, if cj) is a monomorphism then 
both n and n\ A <t>(p)MQ) are homeomorphisms. 

sympA n<t>{r) 

Proof. By Theorem 2.1 and Remark 4.12, the Poisson algebra A^^ht^ is 
constructed. Set A = ■ Let s n = (sy) be the 2n x 2n-matrix at- 

tached to K y which is given in Definition 4.3. Note that (f>(s n ) = (4>( s ij)) 
is the attached matrix to the Poisson algebra A by Definition 4.1 and Def- 
inition 4.3, and that Q((f>(s n )) is the Poisson algebra attached to A. Note 
that Q((f)(s n )) is Poisson isomorphic to k u A + for a suitable antisymmetric 
biadditive map, where A + = (Z + ) 2n , that R(s n ) is the multiparameter quan- 
tized coordinate ring of affine 2n-space corresponding to the antisymmetric 
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2n x 2n-matrix s„, and that (+J T pspec J? mQ(0(s n )) C pspec Q((p(s n )) and 
l+J T spec 7? ( T )i?(s n ) C spec R(s n ). Let 

7r 2 : pspec Q(0(s n )) — > spec P(s n ) 

^Isymp Q(^(Bn)) : S y m P WO")) ► P rim P( S n) 

be the topological quotient maps given in |16| Corollary 3.6]. Then the 
restriction of 1x2 to the surjection 

vri : L+J pspec^( T) Q((/>(s n )) — ► 7r 2 (|+J pspec^ (T) Q(0(s n ))) = l+J spec^( T )i?(s 

T T T 

P ^ 7T 2 (P) 

is a topological quotient map by |16l Proof of Proposition 3.4] and the 
restriction of tti to l+J T symp^^Q^s^)) 

7ri|y T sym Pl)(T) Q^(s n )) : l+J sym Pr?(T) QO(s„)) — > [+J prim^ T) i2(s n ) 

T T 

is also a topological quotient map by |16[ Proof of Proposition 3.4] since 
the map 7ri|y T symp, (T) Q(^(s„)) is the restriction of vr 2 | syrrip q(^,( s „)) to the set 
symp^^\Q(0(s n )). Moreover, if is a monomorphism then both 7Ti and 
its restriction 7Ti sy mp^ (T) Q((/>(s n )) are homeomorphisms. Let \& and T be 
the homeomorphisms given in Lemma 4.7 and Lemma 4.11, respectively. 
Then the composition it = T _1 oj[0$ 

pspec(A) = |+J pspec r (^l)^ [+J pspec r?(T) Q(0(r n )) 

T 

^ (+J spec r?(T) P(r„)^ |+J spec T K^ = specK^ 

T 



is a topological quotient map such that its restriction to sympA is also 
a topological quotient map by Lemma 4.13, and both tt and vr| sympj 4 are 
homeomorphisms if the group homomorphism <f> is injective. □ 

Lemma 4.15. Let A be a finitely generated Poisson algebra. Then the map 

it : spec A — ► pspec A, P \— > (P : TL{A)) 

is a topological quotient map. 

Proof. Since T~L{A) is the set of all Hamiltonians of A, if P is a prime ideal 
then (P : 7i{A)) is a prime Poisson ideal of A by |14| Lemma 1.3]. Hence 
pspec A satisfies the conditions (a) and (b) of [1J 1.1] and the map n is a 
topological quotient map by 4, 1.7]. □ 

Lemma 4.16. Let P be a symplectic ideal of A n . Then 

P = n{M G max ,4 n | (M : H(A n )) = P}. 
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Proof. By Proposition 2.8, the set P n V n = T is an admissible set. Let 
M be a maximal ideal of A n such that M nV n = T and P C M. Then 
(M : Ti(A n )) = P since (M : TC(A n )) is a symplectic ideal containing P 
and P is a maximal element of pspec j<A n by Theorem 4.10. Hence it is 
enough to show that there exists a set U of maximal ideals M of A n such 
that M n V n = T, P C M and HP = P. 

Let M be a prime ideal of such that M n P n = T and ^^(M) is a 
maximal ideal of Q(r n ). Then the extension {M/(T)) e is a maximal ideal 
of (AJiT))^' 1 ] and * T (M) n {Y 1 ,X 1 ,--- ,Y n ,X n } = rj(T) by Lemma 
4.7 (b). If there exists a maximal ideal N of A n properly containing M 
then * T (M) C V T r(N) by Lemma 4.7 (b), where T' = N n P n . It is a 
contradiction to the maximality of \Pt(M). Hence if M is a prime ideal of 
A n such that MnP„ = T and ^r(M) is a maximal ideal of Q(r n ) then M 
is a maximal ideal of A n . 

The Poisson algebra Q(r n ) / (rj(T)) is Poisson isomorphic to Q(r' n ) = 
k[zx> • " ' >2jfe]i where is the submatrix of r n deleting rows and culumns 
corresponding to Y^s and -Xj's in r](T), and k = 2n — \r)(T)\. Set B = 
kfz^ 1 , • • • , z^ 1 ]. Note that if is a maximal ideal of B then there exists 
a maximal ideal M of k[zi, • • • , Zfc] such that M n {zi, • • • , z^} = ^ and 
MB = N and that the symplectic ideal ^>t{P) corresponds naturally to a 
maximal prime Poisson ideal Q of B by Proposition 4.9 or |14l Corollary 
2.3 and Theorem 2.4]. Since B = k[^ x 1 , • • • is a Jacobson ring, Q is 

an intersection of maximal ideals of B. Hence the symplectic ideal \Py(P) 
is an intersection of maximal ideals N of Q(r n ) such that ^y(P) C iV and 

fl {Yi,Xi, • • • ,Y n ,X n } = rj(T). It follows by the above paragraph and 
Lemma 4.7 (b) that P is an intersection of maximal ideals M of A n such 
that PCM and M nV n =T. It completes the proof. □ 

Lemma 4.17. The map 

7r| m axA n : max4 n — ► symp A n , M i-> (M : 
is a topological quotient map. 
Proof. The map 

7T : spec A n — ► pspec A n ,P (P : H(A n )) 
is a topological map by Lemma 4.15 and its restriction 

7r | max A n '• max A n — > symp A n , 

is surjective by the definition of symplectic ideals. A subset U of max^4„ is 
said to be relatively 7r-stable provided that U = max A n nV for some subset 
V C spec ^4„, with 1/ = 7r _1 (7r(F)). If a subset P of max^4 n is relatively ir- 
stable then nt/ is an intersection of symplectic ideals of A n by Lemma 4.16, 
and thus the restriction n\ max A„ '■ max A n — ► symp A n is also a topological 
quotient map by [141 Lemma 1.3]. □ 
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Corollary 4.18. Let P, Q, T be the ones given in Definition 4-2 and assume 
that the subgroup o/k x generated by allpi,qj,^ij does not contain — 1. Then 
there exists a topological quotient map 

n : spec k[yi,xi, ■■■ ,y n , x n ] — ► spec 

such that its restriction 

»r|maxk|itt > xi 1 -, w „ 1 x„] : maxk[yi,xi,--- ,y n ,x n ] — ► prim 

is also a topological quotient map. 

Proof. It follows immediately from Lemma 4.13, Theorem 4.14, Lemma 4.15 
and Lemma 4.17. □ 
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